The paper is devoted to the complete classification of all real Lie algebras of contact vector fields on the first jet space of one-dimensional submanifolds in the plane. This completes Sophus Lie's classification of all possible Lie algebras of contact symmetries for ordinary differential equations. As a main tool we use the abstract theory of filtered and graded Lie algebras. We also describe all differential and integral invariants of new Lie algebras found in the paper and discuss the infinite-dimensional case.
Introduction
The problem of describing all finite-dimensional Lie algebras of vector fields is a starting point for the symmetry analysis of ordinary differential equations, because, having solved this problem, one finds all possible algebras of contact symmetries for ordinary differential equations.
Over the complex numbers this classification was done at the end of the last century by Sophus Lie [5] . He showed that, with three exceptions, all Lie algebras of contact vector fields, viewed up to equivalence, are lifts of Lie algebras of vector fields on the plane. The largest algebra of the three exceptions (so-called irreducible algebras of contact vector fields) is the algebra of contact symmetries of the equation y ′′′ = 0 and is isomorphic to sp(4, C), while the other two are its subalgebras of dimension 6 and 7.
In this paper we show that the problem of describing algebras of vector fields can be formulated in a natural way in terms of filtered and graded Lie algebras. This allows not only to give a new up-to-date proof of Sophus Lie's classification, which is as yet missing in the literature, but also to solve this problem over the field of real numbers. It turns out that in the real case there are 8 irreducible contact Lie algebras of vector fields on the plane, and one of them involves an arbitrary parameter.
Lie algebras of vector fields on the plane were also classified (both in real and complex case) by Sophus Lie [4] , so that the description of irreducible Lie algebras of vector fields on the plane which is given in the present paper, basically concludes the description of all finite-dimensional contact Lie algebras of vector fields over the field of real numbers.
It should be noted that the problem of finding all irreducible contact Lie algebras over the real numbers was also considered by F. Engel in [1] , which is mentioned in Sophus Lie's three-volume treatise [5] (volume 3, chapter 29, pages 760-761). P Olver, in his recently published book [7] , cites this problem as unsolved.
(x, y, z) on M in which the 1-jet of the mapping f : R → R at the point x 0 has the coordinates (x 0 , f (x 0 ), f ′ (x 0 )). The projection π has in these coordinates the form π : (x, y, z) → (x, y).
We can introduce a natural contact structure M . Indeed, there is a twodimensional distribution C on M which is not completely integrable and has the property that all its integral curves whose projection onto the plane is diffeomorphic, are precisely the curves of the form (x, f (x), f ′ (x)) with f ∈ C ∞ (I), I ⊂ R. In terms of coordinates, this distribution is given by the vector fields 
A vector field on M is called contact if it generates a local one-parameter transformation group that consists solely of contact diffeomorphisms. It is easy to show that a vector field X is contact if and only if L X ω = λω for some smooth function λ.
If X is a contact vector field, then the function f = ω(X) is called the characteristic function of X . It completely determines the field X , which in this case is denoted by X f and has the form
The mapping f → X f establishes an isomorphism between the space of all smooth functions and that of contact vector fields on M . This allows to make the space C ∞ (M ) into a Lie algebra by letting {f, g} = ω([X f , X g ]).
Prolongation operations
If φ is a (local) diffeomorphism of the plane, then there exists a unique local contact transformation φ (1) : J 1 (R, R) → J 1 (R, R) such that the following diagram is commutative:
The transformation φ (1) is then called the (first) prolongation of the diffeomorphism φ and, in terms of coordinates, has the from
Similarly, for any vector field X on the plane there exists a unique contact vector field X (1) on J 1 (R, R) such that π * (X (1) ) = X . This vector field X (1) is called the (first) prolongation of the vector field X and has the form
Its characteristic function is B(x, y) − A(x, y)z .
The mapping X → X (1) is an embedding of the Lie algebra of vector field on the plane into the Lie algebra of contact vector fields on J 1 (R, R). The contact vector fields that lie in the image of this mapping are called point contact vector fields. Point vector fields Y are characterized by the following two equivalent properties:
(1) any point vector field Y is an infinitesimal symmetry of the vertical dis-
(2) the characteristic function of Y is linear in z .
Reducible Lie algebras of contact vector fields
Definition A Lie algebra g of contact vector fields is called reducible if there is a local contact diffeomorphism φ such that the Lie algebra φ * (g) consists only of point vector fields. Otherwise, g is said to be irreducible.
Theorem 1 A Lie algebra g of contact vector fields is irreducible if and only if it preserves no one-dimensional subdistribution of the contact distribution.
Proof Every Lie algebra that consists of point vector fields preserves the vertical distribution V , which is a one-dimensional subdistribution of the contact distribution C . Consequently, any reducible Lie algebra of contact vector fields also preserves a one-dimensional subdistribution of C .
Conversely, let g be a Lie algebra of vector fields that preserves some onedimensional subdistribution E of the contact distribution. If A and B are two functionally independent first integrals of E , then, as one can easily verify, the local diffeomorphism
is contact and transforms the vertical distribution V to E . It follows that the Lie algebra φ −1 * (g) preserves the vertical distribution and hence consists of point vector fields.
Corollary Any irreducible Lie algebra of contact vector fields is transitive at a point in general position.
Proof Let g be an irreducible Lie algebra of contact vector fields. For an arbitrary point p ∈ J 1 (R, R), we let g(p) = {X p | X ∈ g} and define r = max
The Lie algebra g is transitive at point in general position if and only if r = 3. Assume the contrary. Then the subspaces g(p) form a completely integrable distribution E in U which is invariant under g. Consider the following two possibilities: 1 • : r = 2 Then the intersection E p ∩ C p is one-dimensional at the points in general position, and this family of subspaces forms a one-dimensional subdistribution of the contact distribution which is invariant under g. 2 • : r < 2 In this case E can be locally embedded into a two-dimensional completely integrable distribution which, as follows from its construction, is also invariant under g. Then, arguing as in the previous case, we conclude that the Lie algebra g preserves a one-dimensional subdistribution of the contact distribution.
In this paper we restrict ourselves to a local description of finite-dimensional Lie algebras of contact vector fields at a point in general position. In particular, from now on we shall assume that all irreducible algebras of contact vector fields are transitive.
An algebraic model of contact homogeneous space
Let g be a transitive Lie algebra of contact vector fields on M = J 1 (R, R), let o be an arbitrary point in J 1 (R, R), and let g 0 = g o be the subalgebra of g that consists of all vector fields in g vanishing at the point o. It is easy to show that the subalgebra g 0 is effective, ie, contains no nonzero ideals of g (see, for example, [3, Theorem 10.1]).
We can identify T o M with g/g 0 in the obvious way. Then C o is identified with a certain submodule W of the g 0 -module g/g 0 . Since the distribution C is not completely integrable, the subspace {x ∈ g | x + g 0 ∈ W } will not be closed with respect to the multiplication in g.
We define a decreasing chain of subspace in g as follows: g p = g for all p ≤ −2,
It is easily shown by induction that [g p , g q ] ⊂ g p+q for all p, q ∈ Z, so that the family of subspaces {g p } p∈Z defines a filtration of the Lie algebra g.
Two contact Lie algebras are said to be isomorphic if they are isomorphic as filtered Lie algebras.
Show that any transitive Lie algebra g of contact vector fields is a contact Lie algebra with respect to the above filtration. The properties a) and c) follow immediately from the way that the filtration in g is introduced. Let us prove b). Since the contact distribution has codimension 1, we get codim g g −1 = 1. From transitivity of g on M we get codim g g 0 = 3. Next, since C is not completely integrable, the subspace [g −1 , g −1 ]+g −1 is strictly greater than g −1 and, hence, is equal to g.
Finally, Let a = ∩ p∈Z g p . Then, obviously, a is an ideal in g contained in g 0 . Now since g 0 is an effective subalgebra, it follows that a = {0}. This proves d).
Conversely, let g be an arbitrary finite-dimensional contact Lie algebra. Then the pair (g, g 0 ) determines a unique (up to local equivalence) realization of g as a transitive Lie algebra of vector fields on R 3 . And the subspace g −1 allows us to define a g-invariant two-dimensional distribution on R 3 which is not completely integrable. Therefore, the Lie algebra g admits a unique (up to local equivalence) realization as a transitive Lie algebra of contact vector fields.
Thus, the local classification of finite-dimensional transitive Lie algebras of contact vector fields on J 1 (R, R) is equivalent to the classification (up to isomorphism) of the corresponding contact Lie algebras. Observe that the latter problem is algebraic and, as we shall see later, can be solved by purely algebraic means.
All g-invariant distributions on J 1 (R, R) are in one-to-one correspondence with the submodules of the g 0 -module g/g 0 . In particular, the contact distribution corresponds to the submodule g −1 /g 0 . From Theorem 1 now easily follows the next algebraic criterion for the irreducibility of g. 
Graded contact Lie algebras
The major tool in the study of filtered Lie algebras is to consider graded Lie algebras associated with them. As we shall see later on, with a few exceptions, irreducible contact Lie algebras can be completely restored from their associated graded Lie algebras.
If g is a contact Lie algebra, then it is clear that the associated graded Lie algebra h = p g p /g p+1 satisfies all three conditions in the above definition and is therefore a graded contact Lie algebra. Moreover, if g is a filtered Lie algebra such that the associated graded Lie algebra h is contact and ∩ p g p = {0}, then it is easy to show that g itself is a contact Lie algebra.
The concept of irreducibility for contact Lie algebras can be carried over to graded contact Lie algebras. From Lemma 1 it immediately follows that a contact Lie algebra g is irreducible if and only if so is the h 0 -module h −1 in the corresponding graded contact Lie algebra h. The graded contact Lie algebras that satisfy this condition will be called irreducible.
The classification of all irreducible graded contact Lie algebras can be carried out using the methods developed in the works of Tanaka [9, 10] . Slightly modifying the terminology of those papers (see also [2] ), we introduce the concept of transitive graded Lie algebra, which generalizes the concept of graded contact Lie algebra.
Definition A graded Lie algebra g = ⊕g p is said to be transitive if it satisfies the following conditions:
(i) there exists a natural number µ ∈ N such that g −p = {0} for all p > µ;
It immediately follows from this definition that m = p<0 g p is the graded nilpotent Lie algebra generated by g −1 . Following Tanaka [9, 10] , we shall call graded nilpotent Lie algebras of this kind fundamental. In particular, the fundamental nilpotent Lie algebra corresponding to a graded contact Lie algebra is none other than the three-dimensional Heisenberg algebra.
Let m = p<0 g p be an arbitrary fundamental graded Lie algebra. Then, as was shown by Tanaka [9] , there exists a unique transitive graded Lie algebra g(m) = p∈Z g p (m) that satisfies the following conditions: 
where X denotes the germ of the vector field X at the point e. Now let
Then the family of subspaces {A p } p∈Z forms a decreasing filtration of the Lie algebra A, and g(m) can be identified with the associated graded algebra, ie,
This geometrical interpretation allows to describe, without difficulty, the structure of g(m) in the case that we are interested in, namely in the case of graded contact Lie algebras.
Let n be the three-dimensional Heisenberg algebra and n −2 = [n, n], while n −1 is a two-dimensional subspace complementary to [n, n] . In this case we may assume without loss of generality that D is precisely the contact distribution on J 1 (R, R).
Using the description of all infinitesimal symmetries of the contact distribution, it is not hard to determine the structure of the Lie algebra g(n). It can be identified with the space of polynomials in x, y, z with the bracket operation given by X {f,g} = [X f , X g ]. The space g p (n) consists of all homogeneous polynomials of degree p + 2, assuming that the variables x, y, z are of degree 1, 2 and 1 respectively. For example,
We shall now fix some fundamental graded Lie algebra m and describe how one can classify all finite-dimensional graded subalgebras h of the Lie algebra g(m)
In what follows we shall always assume that h −p = m −p = g −p (m) for all p < 0. Suppose that for some k ∈ N∪{0} we have a collection of subspaces
we define a sequence of subspaces h k+1 , h k+2 , . . . as follows:
is a graded subalgebra of g(m). This subalgebra is called the extension of the collection (h 0 , . . . , h k ). Note that g(m, h 0 , . . . , h k ) is the largest of all graded subalgebras whose ith grading space coincides with h i for all i ≤ k .
One the other hand, we can associate (h 0 , . . . , h k ) with the graded subalgebrã g(m, h 0 , . . . , h k ) generated by these subspaces. Now let h be an arbitrary graded subalgebra of g(m) such that h −p = g −p (m) for all p > 0. Then, obviously, for any k ≥ 0 we havẽ
Finally, notice that g 0 (m) is precisely the algebra of all derivations of m that preserve the grading (see [9] ), and all the subspaces h p ⊂ g p (m) are invariant under the natural action of h 0 on g p (m). Based on these remarks, the following algorithm for the classification of the desired kind of subalgebras in g(m) suggests itself.
Step I Describe, up to conjugation, all subalgebras h 0 ⊂ g 0 (m) = Der(m). Go to Step III.
Step II Suppose that for some k ∈ N ∪ {0}, a collection of subspaces h i ⊂ g i (m), i = 0, . . . , k , is already constructed such that
At this point we describe all
Step III Find the subalgebrasg(m, h 0 , . . . , h k+1 ) and g(m, h 0 , . . . , h k+1 ). If these subalgebras are not the same, go to Step II. If, however, they coincide, then
is one of the desired subalgebras.
Now we shall use this algorithm to classify all irreducible graded contact Lie algebras over the field of real numbers.
Theorem 2 Let n denote the three-dimensional real Heisenberg algebra, considered as a graded Lie algebra, and let g(n)
be the universal extension of n.
Then any finite-dimensional irreducible graded contact Lie algebra h is isomorphic to one and only one of the following subalgebras of g(n)
:
Proof Fix a basis {x, z} in the space g −1 (n). Then the action of the elements of g 0 (n) on g −1 (n) is given by the following matrices:
. Therefore, the Lie algebra g 0 (n) may be identified with gl(2, R), and the g 0 (n)-module g −1 (n) with the natural gl(2, R)-module.
Lemma 2 Any irreducible subalgebra of gl(2, R) is conjugate to one and only one of the following subalgebras:
Proof If a subalgebra of gl(2, R) is nonsolvable, then it is either three-dimensional and coincides with sl(2, R), or four-dimensional and is equal to the whole of gl(2, R). Any solvable irreducible subalgebra is commutative. If it is onedimensional, then, as follows from the classification of real Jordan normal forms of 2×2 matrices, it is conjugate to the subalgebra (i). If g is two-dimensional, it coincides with the centralizer of one of the Jordan normal forms, which implies that it is conjugate to the subalgebra (ii).
If we identify gl(2, R) and g 0 (n), the subalgebras listed in Lemma 2 are identified with the following subspaces h 0 ⊂ g 0 (n):
Consider separately each one of these cases:
(i) It is easily verified that in this case we have g 1 (n, h 0 ) = {0}. Therefore h = n ⊕ h 0 , and we arrive at the algebra which is listed in the theorem under the number 6 • .
(ii) Here we have
and the action of the subalgebra h 0 on this space is irreducible. Therefore, the space h 1 ⊂ g 1 (n, h 0 ) is either zero or coincides with the whole of g 1 (n). In the former case we immediately find that h = n ⊕ h 0 (subalgebra 5 • ). In the second case the subalgebras g(n, h 0 , h 1 ) andg(n, h 0 , h 1 ) coincide and are equal to the subalgebra 4 • of the theorem.
(iii) Here g 1 (n, h 0 ) = x 3 , x 2 z, xz 2 , z 3 , and the h 0 -module g 1 (n, h 0 ) is irreducible. Hence either we have h 1 = {0} and then h = n ⊕ h 0 (subalgebra 3 • ), or h 1 = g 1 (n, h 0 ). In the latter case, however, the space h 1 generates a finitedimensional subalgebra.
(iv) Here g 1 (n, h 0 ) = g 1 (n), and the h 0 -module g 1 (n) is a sum of two irreducible submodules W 1 and W 2 of the form
The submodule W 1 generates a finite-dimensional subalgebra, so that either h 1 = {0} or h 1 = W 2 . In the former case h = n ⊕ h 0 (subalgebra 2 • ), while in the latter the subalgebras g(n, h 0 , h 1 ) andg(n, h 0 , h 1 ) coincide and are equal to the subalgebra 1 • of the theorem.
Classification of contact Lie algebras
In order to classify all finite-dimensional irreducible contact Lie algebras, it will suffice to describe all filtered Lie algebras whose associated graded Lie algebras are listed in Theorem 2. To solve this latter problem, we shall need the following result.
Lemma 3 Let g be a finite-dimensional filtered Lie algebra, and h the associated graded Lie algebra. If there is an element
e ∈ h 0 such that [e, x p ] = px p ∀x p ∈ h p then h, viewed
as a filtered Lie algebra, is isomorphic to g.
Proof Suppose e =ē + g 1 for someē ∈ g 0 . For every p ∈ Z, consider the subspace
It is easy to show that, g p = g p (ē)⊕g p+1 for all p ∈ Z. Thus, the subspace g p (ē) may be identified with h p , and since [g i (ē), g j (ē)] ⊂ g i+j (ē), this identification is in agreement with the structure of the Lie algebras g and h. Hence, we have found an isomorphism of the Lie algebras g and h which is compatible with their filtrations.
For the graded Lie algebras listed in Theorem 2 under the numbers 1 • , 2 • , 4 • , 5 • , we can choose e to be equal to xz − 2y , as this element is contained in all of these algebras. Then, in view of Lemma 3, the description of the corresponding filtered Lie algebras in these four cases is trivial. Consider the remaining two cases 3 • and 6 • .
3 • Let h be the graded Lie algebra that appears under the number 3 • in Theorem 2, and let g be a contact Lie algebra whose associated graded Lie algebra is isomorphic to h. Since g 1 = {0}, the subalgebra g 0 can be identified with the subalgebra h 0 , which is isomorphic to sl(2, R). Consider the g 0 -module g. It is completely reducible, and its decomposition into a sum of irreducible submodules has the form: g = V −2 ⊕ V −1 ⊕ g 0 , where the submodule V −2 is one-dimensional and is a complement of g −1 , while the submodule V −1 is two-dimensional and complements g 0 in g −1 . Therefore, the submodules V −p , p = 1, 2 can be identified with the subspaces h −p of the graded Lie algebra h, which allows to identify g and h as vector spaces.
The structure of the Lie algebra g is completely determined by the mappings α : V −2 × V −1 → g and β : V −1 ∧ V −1 → g defined as restrictions of the bracket operation in g to the corresponding subspaces. The Jacobi identity shows that these mappings are both g 0 -invariant. Since the g 0 -module V −1 ∧ V −1 is onedimensional and trivial, we have im β ⊂ V −2 . Similarly, im α ⊂ V −1 . Now, computing the Jacobi identity for the basis vectors of V −2 and V −1 , we find that the mapping α is zero. Thus, the identification of the spaces g and h is in agreement with the Lie algebra structures of these spaces, so that the Lie algebra g is isomorphic to h, viewed as a filtered Lie algebra.
6
• As in the above case, we can identify g 0 and h 0 . Now, since the h 0 -modules h 0 and h −1 are not isomorphic for any value of α, we conclude that g −1 contains a g 0 -invariant subspace V −1 which is a complement of g 0 . Choose a basis {e} for g 0 and a basis {u 1 , u 2 } for V −1 in such a way that
Then the elements e, u 1 , u 2 , together with the element u 3 = [u 1 , u 2 ], will, obviously, form a basis of g, and [e, u 3 ] = 2αu 3 . Furthermore, checking the Jacobi identity, we find that in case α = 0 we have [u 1 , u 2 ] = [u 1 , u 3 ] = 0, and the Lie algebra g is isomorphic to h, viewed as a filtered Lie algebra. If α = 0, we have [u 1 , u 2 ] = βu 3 and [u 1 , u 3 ] = −βu 2 for some β ∈ R. Note that the parameters β and x 2 β with x ∈ R * give here isomorphic Lie algebras, whatever the value of x may be. Therefore, up to isomorphism of contact Lie algebras we may assume that β = 0, ±1. If β = 0, we find that g is again isomorphic to h, viewed as a filtered Lie algebra. If β = 1 or β = −1, the Lie algebra g is isomorphic to gl(2, R) or u(2) respectively, while the subalgebras g can be written, under this identification, in matrix form as follows:
Summing up what has been said, we obtain the following result: II.1 g = gl(2, R), where g p = {0} for p ≥ 1,
II.2 g = u(2), where g p = {0} for p ≥ 1,
From now on, to refer to irreducible contact algebras of type I, we shall employ the notation I.n, where n is the number of the corresponding graded contact Lie algebra in Theorem 2.
Applications

6.1
Now we shall find explicit representations in contact vector fields for the Lie algebras of vector fields described above. Note that the mapping f → X f that maps an arbitrary function f of the variables x, y, z into the vector field whose characteristic function is f , defines an embedding of the Lie algebra g(n) into the algebra of all contact vector fields. In this way we immediately obtain the explicit representations in vector fields for those contact algebras g which are isomorphic to their corresponding graded algebras.
Below we list three different representations of the space of characteristic functions for each of the contact algebras II.1 and II.2:
In particular, from the representations (a) and (b) it follows that these two algebras of contact vector fields can both be embedded into the 10-dimensional algebra I.1 and into the 8-dimensional algebra I.4. The representations (c) are notable for the fact that the characteristic functions here are independent of y .
6.2
Consider the set of all contact vector fields of the form X f , where the function f has the form f = ay + g(x, z) with a ∈ R and g being an arbitrary function of x, z . It is easy to show that this condition is equivalent to the requirement that X f be an infinitesimal symmetry of the one-dimensional distribution E generated by the vector field ∂ ∂y . Thus we see that this space of vector fields forms an infinite-dimensional subalgebra S of the Lie algebra of all contact vector fields.
Consider the projection π : S → D(R 2 ) given by
It is easily verified that this mapping is a homomorphism of Lie algebras whose kernel is one-dimensional and is generated by X 1 , while its image coincides with nth prolongation of the Lie algebra g. It then follows from the condition (b) that the differential and integral invariants of g that have the order n are independent of y and may be considered on the manifold of the trajectories of the vector field X (n)
1 . These trajectories are given by the equations y = const and can be parametrized by the coordinates (x, y 1 , . . . , y n ). Furthermore, it turns out that if n ≥ 2, the action of the algebra g (n) on that quotient manifold is equivalent to the action of the Lie algebra π(g) (n−1) on the space of (n − 1)th jets, and the mapping J n (R 2 ) → J (n−1) (R 2 ) that establishes this equivalence has the form: (x, y 1 , . . . , y n ) → (x, y 0 , . . . , y n−1 ).
Therefore, all differential and integral invariants of g may be derived from the invariants of π(g) by substituting y i+1 instead of y i for i ≥ 0.
We remark that Sophus Lie [4] found all invariants for those Lie algebras of vector fields on the plane that correspond to the cases I.2 and I.3. The invariants of the 10-dimensional irreducible Lie algebra I.1 were computed in [7] over the complex numbers, and they remain unchanged on passing to the real case. Now we shall specify nontrivial integral and differential invariants of the least order for the rest of irreducible contact Lie algebras of vector fields; all other invariants can be derived from these by means of differentiation (see [7] ). For the algebras II.1 and II.2, we have chosen here their representations in contact vector fields that appear earlier under the letter (c).
Differential invariant
vector fields, there exist exactly two infinite-dimensional irreducible subalgebras, namely, the Lie algebra S = {X ay+g(x,z) }, which we already mentioned earlier, and its commutant [S, S] = {X g(x,z) }.
The methods for the description of contact Lie algebras that have been developed in this paper, can be easily generalized to the infinite-dimensional case.
In particular, with these Lie algebras we can again associate graded contact Lie algebras that can be embedded into the universal extension g(n) of the three-dimensional Heisenberg algebra. Let h be an infinite-dimensional graded subalgebra in g(n) such that h p = g p (n) for p < 0 and such that the h 0 -module h −1 is irreducible. Then all possible types of subalgebras h 0 over the real numbers are listed in Lemma 2. As follows from the proof of Theorem 2, in the cases (i) and (ii) the Lie algebra h is finite-dimensional. The consideration of the remaining cases (iii) and (iv) is the same over the complex and real numbers, and gives the infinite-dimensional Lie algebras of contact vector fields described above. Thus the classification of irreducible infinite-dimensional Lie algebras of contact vector fields remains unchanged on passing from the complex to the real case.
